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Congruence classes of triangles in F2p
Thang Pham Le Anh Vinh
Abstract
In this short note, we give a lower bound on the number of congruence classes of
triangles in a small set of points in F2p. More precisely, for A ⊂ F
2
p with |A| ≤ p
2/3,
we prove that the number of congruence classes of triangles determined by points
in A×A is at least |A|7/2. This note is not intended for journal publication.
1 Introduction
Let Fq be a finite field of order q with q = p
r. Two k-simplices in F2q with vertices
(x1, . . . ,xk+1), (y1, . . . ,yk+1) are in the same congruence class if there exist an orthogonal
matrix θ and a vector z ∈ Fdq such that z + θ(xi) = yi for all i = 1, 2, . . . , k + 1. Let
Tk,d(E) denote the set of congruence classes of k-simplices determined by points in E . In
this paper, we use the notation X ≪ Y which means that there exists a positive absolute
constant C that does not depend on X, Y and q such that X ≤ CY .
The first result on the size of Tk,d(E) in F
d
q was established by Hart and Iosevich [4].
They indicated that if |E| ≫ q
kd
k+1
+ k
2 with d ≥
(
k+1
2
)
, then |Tk,d(E)| ≫ q
(k+12 ). By employing
techniques from spectral graph theory, the second listed author [11] proved that E also
contains a copy of all k-simplices with non-zero edges under the conditions d ≥ 2k and
|E| ≫ q(d−1)/2+k. It follows from the results of Hart and Iosevich [4] and Vinh [11] that
we only can get a non-trivial result on the number of congruence classes of triangles when
d ≥ 4. There are several progresses on improving this problem. The result, which we
have to mention first, is a result due to Covert et al. [3]. They proved that if |E| ≫ ρq2,
then |T2,2(E)| ≫ ρq
3. This means that in order to get a constant factor of all congruence
classes of triangles in F2p, we need the condition |E| ≫ q
2. In 2014, Bennett, Iosevich
and Pakianathan [1], using Elekes and Sharir’s approach in the Erdo˝s distinct distance
problem, improved this result, namely, they showed that the condition |E| ≥ q7/4 is enough
to get at least cq3 congruence classes of triangles for some absolute positive constant c.
Recently, by using Fourier analytic methods and elementary results from group action
theory, Bennett, Hart, Iosevich, Pakianathan, and Rudnev [2] improved the threshold
q7/4 to q8/5. In the case E is the Cartesian product of sets with different sizes, the authors
and Hiep [8] obtained the following improvement.
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Theorem 1.1 (Theorem 1.2, [8]). Let E = A1 ×A2 be a subset in F
2
q. Suppose that
( min
1≤i≤2
|Ai|)
−1|E|k+1 ≫ q2k,
then for 1 ≤ k ≤ 2, we have
|Tk,2(E)| ≫ q
(k+12 ).
The following is a consequence of Theorem 1.1.
Theorem 1.2 ([8]). Let A,B be subsets in Fq. If |A| ≥ q
1
2
+ǫ and |B| ≥ q1−
2ǫ
3 for some
ǫ ≥ 0, then we have
|T2,2(A× B)| ≫ q
3.
We note that in [2], Bennett et al. gave a construction of |A| = q1/2−ǫ
′
and |B| = q,
and the number of congruence classes triangles determined by A × B is at most cq3−ǫ”
for ǫ” > 0. On the other hand, it follows from Theorem 1.2 that if |A| < q1/2 then we
must have |B| > q to guarantee that |T2,2(A×B)| ≫ q
3. Hence, the condition of |A| · |B|
in Theorem 1.2 is sharp up to a factor of qǫ/3. From the construction in [2], Iosevich [6]
conjectured that the right size of a general set E ⊆ F2q for getting at least cq
3 congruence
classes of triangles is around q3/2.
The main purpose of this short note is to give a lower bound on the number of congru-
ence classes of triangles in A×A when A is a small set of points.
Theorem 1.3. Let Fp be a field of odd prime p. For A ⊆ Fp with |A| ≤ p
2/3, we have
|T2,2(A×A)| ≥ |A|
7/2.
2 Two proofs of Theorem 1.3
The first proof: Let Fp be a prime field of order p. For E ⊆ F
2
p and t ∈ Fp, we
define νE(λ) as the cardinality of the set {(x,y) ∈ E × E : ||x− y|| = λ} . In order to
prove Theorem 1.3, we first need the following lemmas.
Lemma 2.1 ([8]). Let E be a subset in F2p. For a fixed λ ∈ Fp, denote by Hλ(E) the
number of hinges of the form (p,q1,q2) ∈ E ×E ×E with ||p−q1|| = ||p−q2|| = λ. We
have the following estimate
∑
λ∈Fp
νE(λ)
2 ≪
|E|
4
∑
λ∈Fp
Hλ(E) + |E|
3. (2.1)
By applying the recent Rudnev’s breakthrough on the number of incidences between
points and planes in F3p in [9], Petridis [7] obtained the following.
Lemma 2.2 (Petridis, [7]). Let Fp be a field of order odd prime p. For A ⊆ Fp with
|A| ≤ p2/3, we have ∑
λ∈Fp
Hλ(A×A)≪ |A|
9/2.
2
As a consequence of Theorem 2.2, Petridis [7] proved the following result on the number
of distinct distances in A×A.
Theorem 2.3 (Petridis, [7]). Let Fp be a field of order odd prime p. For A ⊆ Fp with
|A| ≤ p2/3, we have the number of distinct distances determined by points in A×A is at
least min{p, |A|3/2}.
Combining Lemma 2.2 and Lemma 2.1, we obtain the following.
Lemma 2.4. Let Fp be a field of order odd prime p. For A ⊆ Fp with |A| ≤ p
2/3, we have
∑
λ∈Fp
νA×A(λ)
2 ≪ |A|13/2. (2.2)
Proof of Theorem 1.3. On one hand, by applying the Cauchy-Schwarz inequality, we have
|T2,2(A×A)| ≥
|A|12
N
,
where N is the number of pairs of congruence triangles. On the other hand, two triangles,
which are denoted by ∆(a1, a2, a3) and ∆(b1,b2,b3), are in the same congruence class if
there exist an orthogonal matrix M and a vector z ∈ F2p such that
Mai + z = bi, 1 ≤ i ≤ 3.
This implies that
N ≤ |A×A|
∑
λ∈Fp
νA×A(λ)
2.
Thus, it follows from Lemma 2.4 that
N ≤ |A×A|
∑
λ∈Fp
νA×A(λ)
2 = |A|17/2.
In other words,
|T2,2(A×A)| ≥ |A|
7/2,
and the theorem follows.
The second proof: The following lemma was suggested by Frank de Zeeuw.
Lemma 2.5. Let Fp be a field of order odd prime p. For A ⊆ Fp, we have
|T2,2(A×A)| ≥
1
6
(|A|2 − 2) · |∆Fp(A×A)|,
where ∆Fp(A×A) is the set of distinct distances determined by points in A×A.
3
Proof. Suppose that m = |∆Fp(A × A)|, then there exist m segments with distinct dis-
tances. For each segment, it is easy to check that there are at least (|A|2−2)/2 congruence
classes of triangles with the same base. On the other hand, when we count congruence
classes of triangles with the bases from the set of m segments, each class will be repeated
at most 3 times. This implies that
|T2,2(A×A)| ≥
1
6
(|A|2 − 2) · |∆Fp(A×A)|,
which concludes the proof of the lemma.
From Theorem 2.3 and Lemma 2.5, we are able to obtain a slight weaker version of
Theorem 1.3 as follows.
Theorem 2.6. Let Fp be a field of odd prime p. For A ⊆ Fp with |A| ≤ p
2/3, we have
|T2,2(A×A)| ≥
1
6
|A|7/2.
Let Fq be a finite field of order q. For E ⊆ F
2
q with |E| ≥ ρq
2 with q−1/2 ≪ ρ < 1.
Iosevich and Rudnev [5] proved that the number of distinct distances determined by points
in E is at least q − 1. It follows from Lemma 2.5 that the number of congruence classes
of triangles in E is at least ρ(q − 1)q2. In other words, we have recovered the result due
to Covert et al. [3] and Vinh [11] for the case d = 2.
Theorem 2.7 (Covert et al., [3]). Let Fq be a finite field of order q. For E ⊆ F
2
q with
|E| ≥ ρq2 with q−1/2 ≪ ρ < 1, then the number of congruence classes of triangles in E is
at least cρq3, for some positive constant c.
References
[1] M. Bennett, A. Iosevich, J. Pakianathan, Three-point configurations determined by
subsets of F2q via the Elekes-Sharir Paradigm, Combinatorica, 34(6) (2014), 689–706.
[2] M. Bennett, D. Hart, A. Iosevich, J. Pakianathan, M. Rudnev, Group actions and
geometric combinatorics in Fdq , to appear in Forum Math., 2016.
[3] D. Covert, D. Hart, A. Iosevich, S. Senger, I. Uriarte-Tuero, A FurstenbergKatznel-
sonWeiss type theorem on (d + 1)-point configurations in sets of positive density in
finite field geometries, Discrete Mathematics, 311(6) (2011), 423–430.
[4] D. Hart, A. Iosevich, Ubiquity of simplices in subsets of vector spaces over finite
fields, Analysis Mathematika, 34 (2007).
[5] A. Iosevich, M. Rudnev, Erdo˝s distance problem in vector spaces over finite fields,
Trans. Am. Math. Soc. 359 (2007), 6127–6142.
4
[6] A. Iosevich, Personal communication, 2016.
[7] G. Petridis, Pinned algebraic distances determined by Cartesian products in F2p, arxiv:
1610.03172v1.
[8] H. Pham, T. Pham, L. A. Vinh, An improvement on the number of simplices in Fdq ,
submitted, arxiv: 1608.06398v1.
[9] M. Rudnev, On the number of incidences between planes and points in three dimen-
sions, to appear in Combinatorica (2016).
[10] L. A. Vinh, Triangles in vector spaces over finite fields, Online Journal of Analytic
Combinatorics 6 (2009) 1–8.
[11] L. A. Vinh, On kaleidoscopic pseudo-randomness of finite Euclidean graphs, Discus-
siones Mathematicae: Graph Theory, 32(2).
Department of Mathematics,
EPF Lausanne
Switzerland
E-mail: thang.pham@epfl.ch
University of Education,
Vietnam National University
Viet Nam
E-mail: vinhla@vnu.edu.vn
5
